The parabolic approximation in two dimensions
(HE) ∆p + k Change of variables ֒→ Horizontal bottom ψ(z, r) ֒→ W (y, t), l(r) ֒→ s(t), x = y/s(t), U (x, t) := exp(−iλt) exp(−iω(t)x 2 )W (y, t), ω(t) = δ(t)/(4a(t)) =ṡ(t)s(t)/(4ã) , λ complex constant, s ∈ C 2 (0, T ). •Semidiscrete scheme:
•Existence of unique solution with error:
Discretization in range
The Neumann bottom boundary condition problem
The Abrahamsson-Kreiss bottom boundary condition problem is a special case of the Neumann problem with s 1 (t) = m(t) = 0.
approximating property, inverse inequality.
•Semidiscrete scheme:
Discretization in range
•Crank-Nicolson scheme: ∀φ ∈ S h , 0 ≤ n ≤ N − 1, U 0 ∈ S h , ( U n+1 −U n k − iβ(t n+ 1 2 ) U n+1 +U n 2 , φ) = ia(t n+ 1 2 ){s 1 (t n+ 1 2 )( U n+1 (1)−U n (1) k )φ(1) + +m(t n+ 1 2 )( U n+1 (1)+U n (1) 2 )φ(1) − (( U n+1 +U n 2 ) x , φ x )} + (f (., t n+ 1 2 ), φ). •Existence of unique solution with error: U n − U (t n ) ≤ c (U 0 − R h (U 0 )) x + c h r + k 2 , (U n − U (t n )) x ≤ c (U 0 − R h (U 0 )) x + c h r−1 + k
Parabolic approximation in three dimensions
Boundary conditions
Change of variables-Horizontal bottom 
The Dirichlet bottom boundary condition problem
Discretization in range
•Crank-Nicolson scheme: N ∈ N * , k = (R − R 0 )/N , r n := R 0 + nk, r n+1/2 := r n + k/2,∀φ ∈ S h , 0 ≤ n ≤ N − 1, U 0 ∈ S h , ( U n+1 −U n k , φ) = −(A(r n+ 1 2 )( U n+1 +U n 2 ) z , φ z ) − (C(r n+ 1 2 )( U n+1 +U n 2 ) ϑ , φ ϑ )− − 1 2 {(B(r n+ 1 2 )( U n+1 +U n 2 ) z , φ ϑ ) + (B(r n+ 1 2 )( U n+1 +U n 2 ) ϑ , φ z )}+ +((D − A z − B ϑ 2 )(r n+ 1 2 )( U n+1 +U n 2 ) z , φ) + i(β(r n+ 1 2 )( U n+1 +U n 2 ), φ) + (f (r n+ 1 2 ), φ) •Existence of unique solution with error : U n − U (r n ) ≤ c U 0 − U (0) + c{h r + k 2 }.
The Abrahamsson-Kreiss bottom boundary condition problem
A, B, C, D, E, β R , β I , f, U 0 as Dirichlet problem.
Semidiscretization in depth and azimuth
Discretization in range
•Crank-Nicolson scheme: ∀φ ∈ S h , 0 ≤ n ≤ N − 1,
2 ), φ).
•Existence of unique solution with error : 
The Neumann bottom boundary condition problem
U r = AU zz + BU zϑ + CU ϑϑ + DU z + EU ϑ + i(β R + iβ I )U + f, (z, r, ϑ) ∈ D hor , U (0, r, ϑ) = 0, r ∈ [R 0 , R], ϑ ∈ [ϑ 1 , ϑ 2 ], U (z, r, ϑ 1 ) = U (z, r, ϑ 2 ) = 0, r ∈ [R 0 , R], z ∈ [0, 1], −s r (r, ϑ)U r (1, r, ϑ) + s(r,ϑ) iã [A(1, r, ϑ)U z (1, r, ϑ) + B(1,r,ϑ) 2 U ϑ (1, r, ϑ)]+ + s 2 r (r,ϑ) s(r,ϑ) U z (1, r, ϑ) + γ(r, ϑ)U (1, r, ϑ) = 0, r ∈ [R 0 , R], ϑ ∈ [ϑ 1 , ϑ 2 ], U (z, R 0 , ϑ) = U 0 (z, R 0 , ϑ), z ∈ [0, 1], ϑ ∈ [ϑ 1 , ϑ 2 ],
Semidiscretization in depth and azimuth
•Existence of unique solution with error :
Discretization in range
•Crank-Nicolson scheme: (
